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Progressive Wave Analysis Describing Wave Motions
in Radiative Magnetogasdynamics
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An asymptotic analysis has been carried out to study the propagation of weak nonlinear waves in radiative
magnetofiuids. The progressive wave theory has been used to derive an evolution equation governing the
propagation of nonlinear waves. It has been solved for high-frequency domain. The solution indicates the possibility
of a wave breaking after a finite time 7, known as the critical time of shock formation. Effects of the thermal
radiation, magnetic field, and the coupling of the thermal radiation with the magnetic field have been studied. The
decay behavior of a wave with a sawtooth profile headed by a weak shock front and ending with a weak

discontinuity has been investigated.

Introduction

HE propagation of weak nonlinear waves has been stud-
ied by several researchers using the theory of progressive
waves in different material media. Ishii! studied the nonlinear
wave propagation in a vibrationally relaxing gas. Hunter and
Keller? presented a method for finding small-amplitude, high-
frequency wave solutions of hyperbolic systems of quasilinear

partial differential equations. The method applies in any '

number of space dimensions and reduces to geometrical optics
when the equations are linear. A general discussion of small-
amplitude nonlinear progressive waves has been presented by
Choquet-Bruhat.> He considered a shockless solution of hy-
perbolic partial differential equations that depend on a single
phase function. Using the perturbation method devised by
Choquet-Bruhat,® Germain,* Fusco and Engelbreckt,® and
Fusco® gave a general discussion of single phase progressive
waves with dissipation and dispersion included. Sharma et al.”
extended their analysis to magnetogasdynamics.

In this paper we have studied the decay behavior of an
N-wave in the form of a sawtooth profile, which consists of a
shock front at the right and a gasdynamic weak discontinuity
at the left in the high-frequency domain. We have considered
the symmetric motion of planar and cylindrical weak nonlin-
ear waves in a plasma with thermal radiation. The plasma is
assumed to be an ideal gas with infinite electrical conductivity
and permeated by a transverse magnetic field. The gas is
taken to be sufficiently hot for effects of thermal radiation to
be significant. These effects are treated by the optically thin
approximation of the radiative heat transfer equation. We
have also investigated how the interaction of the radiative
heat transfer with the magnetohydrodynamic (MHD) phe-
nomenon modifies the decay behavior of an N-wave.
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Basic Equations

Assuming the electrical conductivity to be infinite and the
direction of the magnetic field orthogonal to the trajectories
of gas particles, the basic equations for a one-dimensional
planar and cylindrical symmetric motion in radiative magne-
togasdynamics can be written in the form®-1°

P,+up,+yp (u,+mu/x)+@y—10 =0 (D
P tup .+ plu, +mujx) =0 2
plu, +un )+ (pe+h)=0 (3
h,+uh, +2h(u, +mu/x) =0 4

where p is the gas pressure, u is the gas velocity, p is the
density, y is the heat exponent, and # is the magnetic pressure
defined as & = pH?/2 with u as magnetic permeability, and H
is the transverse magnetic field. A comma followed by a letter
subscript denotes partial differentiation, and the parameter m
equals 0 and 1 for planar and cylindrically symmetric mo-
tions, respectively. The quantity Q is the rate of energy loss by
the gas per unit volume through radiation and is given by
Q = 4ko(T*— T3), with k as the Planck absorption co-
efficient. The ¢ is the Stefan-Boltzmann constant, and T, is a
constant state temperature. The effect of the thermal radiation
is treated by the optically thin approximation of the radiative
heat transfer equation.

It is easy to check that the form of Egs. (1-4) remains
unchanged if the time ¢ is normalized by an appropriate
characteristic time ¢*, the distance x by x, (=a,1*), the sound
speed a by q,, the density p by p,, the gas velocity u by a,, the
gas pressure p and the magnetic pressure 4 by pa,” and Q by
Poao/t*, where subscript 0 is used to indicate constant refer-
ence value. Using the matrix notation, the normalized Egs.
(1-4) can be written in the form

U,+A4;U . +B,=0 (5)

where U=U;) is a column vector with four components

p.psu,h; the (4 x 4) matrix 4 =(4;) and the column vector

B =(B;) can be readoff by inspection of Eqgs. (1-4). The sys-
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tem of Eq. (5) is hyperbolic with eigenvalues A; (i = 1,2,3,4) of
the coefficient matrix A and are given by
A=u+tc, Ay=u—c, Aa=u=1

where ¢ =./{a*+b?} is the magnetoacoustic speed with

= /(yp/p) as the speed of sound and b= \/ (2h/p) the
Alfven speed. The system of Eq. (5) thus admits four families
of characteristics; the first two, dx/d¢ = 4, ,, represent waves
propagating in the forward and backward directions, respec-
tively, and the remaining two form a set of double character-
istics representing the particle path or trajectory. Here we are
concerned with the situation when the wave front is an
outgoing characteristic given by dx/d¢ = 4,. The left and right
eigenvectors of the matrix 4 corresponding to the eigenvalue
A, are, respectively,

L =(1,0,pc,1), R =(a%1,c/p,b?’

where () is used to denote transposition.

Small-Amplitude, High-Frequency Progressive Waves

Let us consider the solution of Eq. (5), which may repre-
sent a progressive wave. An asymptotic expansion for U may
be written as

Ux,t) = U° +l UM(x,1,¢) + Lz U%(x,1,8) + ... (6)
® ®

where U° = (U), is a known constant state solution of Eq. (5)
such that B;(U°) = 0. The remaining terms in Eq. (6) charac-
terize a perturbation of progressive wave nature. With 7,,, the
attenuation time characterizing the dissipation mechanism
and 7, the characteristic time scale for the signal, w =1, /7, is
a large parameter (w > 1). The underlying situation corre-
sponds to the high-frequency wave where the wave frequency
is much larger than the characteristic frequency of the
medium (see Seymour and Varley'!). The &(=wf) is a fast
variable with f(x,7) as the phase function to be determined.

In view of expansion of the form given by Eq. (6), 4; and
B, yield the Taylor expansion of the form

1 /04,
Aij=A§]9)+_<_’f> U}{l)_,_... (7
w k/o

oy,
2B,
B = Uy
)

V(0B oy o riypr (OB 1
— O —L )= . (8
+ [(am)ow‘ + UPU§ 50,50, Jo\2 + (8)

By substituting Egs. (6—8) in Eq. (5), we obtain the following
equations:

(A9 = 15,)UD =0 )

(AQ —18,)UD + (UL + AL UL

A B
k k 0

where 4 = —f, [f,, and §; is the kronecker delta. Equation (9)
provides the characteristic equation A*(4?—¢3) =0, which
yields nonzero eigenvalues +c, and —¢, of 4. The left and
right eigenvectors of 4© corresponding to an eigenvalue
A =c¢y, computed in the last section are to be used with
subscript —0. Equation (9) shows that U(? is collinear to R
and may be written as

UPELE) = gx,08) RO +5,(00) an
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where g(x,£,{) is the wave amplitude to be determined, and s;
are integration constants, which are not of the progresswe
wave nature and can therefore be assumed to be zero. As
envisaged earlier, let f(x,/) = 0 be the initial wave front trace
corresponding to the eigenvalue A, passing through the point
(1,0). The phase function f(x,?), determined by f, + ¢, f, =0
with the initial condition f(x,0) =x — 1, can therefore be
expressed as

f=x—cot—1 (12)

The gas in the region ahead of the wave front f(x,f) =0 is
assumed to be at rest, have a uniform density p,(=1), and a
uniform pressure po(=1/y) so that al = 1; consequently, the
left and right eigenvectors of 4 corresponding to an eigen-
value ¢, may be written as

LO = (1,0,6‘0,1), RO — (1,1,Co,b%)/

Eq. (11), in view of the right eigenvector R®, yields
pP=pD=g(x18), ub=cog(x,10),
| h = big(x,1,) (13)
Multiplying Eq. (10) by L© and using Eqgs. (12), (13), and
the relation L;4,; = AL; and A;R; = AR, we find that the wave

amplitude g(x,1,£) satisfies the following so-called inviscid
Burger-type equation along the wave front f=0:

8. +Teogg,+Qg =0 (14)
where 0/0t = 0/0t + ¢,0/0x is the ray-derivative taken along
the ray

oA ¢34y —2
Fr=JRrO® 4 -20_71 =
{ bou; }0 2ct
and

Q= {L(O)R«)) } (LOR) = A +%
X

Here, A=8k(y —1)B~! is a measure of thermal radiation
with B ={(y — Do,T§} ' as the Boltzmann number repre-
senting the rate of convective energy flux (p,a3, which is unity
in terms of chosen units) to the black body heat flux. Further,
it may be noted that in the absence of magnetic field
['=(y +1)/2, T —3/2 as ¢,— 0. The quantity (A/c3) ! has
the dimension of time, which can be taken as the attenuation
time characterizing the medium.

Acceleration Waves

The previous analysis may be used to study acceleration
waves for Eqs. (1-4). Let us assume that the acceleration
front is described by the curve f(x,f) =0. Along such a wave
front, U is continuous, but the first- and higher-order deriva-
tives suffer finite jump discontinuities. In the neighborhood of
the wave front, the velocity u may be represented by the
following expansion:

U= 2 u(x,0,8) +0(10?)
w

where uV = (0, for ¢ <0; and 0(¢) for & > 0).
The velocity component u® of UM is given by Eq. (13);
thus, we have the following:

(15

gletd) = { ‘fé<°}

Eo(x,f) +0(E2), if ¢>0

with o(x,f) =a/c,, where « =[u,] denotes a jump in the
velocity gradient across the acceleration wave front. Using
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Eq. (15) in Eq. (14) and evaluating at the wave front
f{x,6) =0, the strength of discontinuity satisfies the following
Bernoulli-type differential equation:

%—F(A—F%)a-i—l"az:O (16)
X

where d/dr is an ordinary time derivative along the front
f(x,f) =0. The solution of Eq. (16) for m =0 and m =1,
respectively, is given by the following two equations:

— At alcd —AnN\ N
= —— K1 1-— 17
o aoexp< 22 >{ + A exp 22 ( g)
—At
aoexp< 5 >x‘1/2
Co
12
com\'? A ‘A2 erfc<—6—>
1+ 0,T] e exp| — | erfc| —= — 1
¢

Co 0

(17b)

where erfc is an error function defined as

erfc(é) = % Jw e 7 ds,
T Je

and oy ( #0) is the value of o at time r =0. In a planar
motion, a compressive wave o, ( <0) steepens into a shock
wave (|| -> oo as ¢ — ;) only when |x| exceeds a critical value
a; = A/T'c3 where ¢, is the shock formation time given by

2 -1
€o o

t,=—1logl 1 +—]
A g( “0>

An expansion wave (o, > 0) decays with time and flattens out
ultimately. The coupling effect of thermal radiation and mag-
netic field is to accelerate the process of decaying of expansion
waves for all physically realistic values of y in the range of
1<y<2.

For |ay| < o, all compressive waves also decay and flatten
out ultimately; whereas for |ac0| =a,, the wave takes a stable
form. It is important to note that the effect of radiation
increases the critical value o, whereas the effect of magnetic
field decreases the value of o,. Thus, the radiation may be
regarded as an agent resisting the shock formation in the
sense that it enhances the shock formation time z,. In contrast
to the corresponding result obtained by Sharma et al.” in the
MHD case, we find that in radiative magnetogasdynamics
only those compression waves can grow into shock waves for
which the magnitude of the initial jump discontinuity associ-
ated with the wave exceeds a critical value. This result is also
true in the absence of the magnetic field (¢, = 1), as is evident
from Eq. (17). Similarly, in a cylindrical (m = 1) motion, all
expansion waves decay, whereas not all compression waves
can grow into shock waves. In fact, a shock wave will be
formed if |o| > o, where

AN2 (A NG
o= — ] exp|l— ) erfe] =
3 3
CoTt c3 i

and the shock formation distance x¢ can be found from the

equation
Ax< 1/2 A 1/2
erfc{ ?;?s} = <1 + %> erfc<—3>
Co ) Co,

x=1+4cyt
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For |ug| < o,, all compression waves decay, whereas for
|otg| = o5, o depends on x as

A 1/2
erfcf —
_ At)x “in (cf’,)

% =0 exp( o2 AL\ 2
erfc<—3>
. 3

0
and approaches to «, for large x. It is noticeable that the

- critical value a, of the initial jump discontinuity in cylindrical

motion is larger than «, in the plane case. Conclusions drawn
here are in full agreement with the results obtained by
Sharma.'?

Weak Shock

The foregoing analysis shows that in radiative magnetogas-
dynamics only those compression waves can grow into shock
waves for which the magnitude of the initial jump discontinu-
ity associated with the wave exceeds a critical value; the state
of motion in front and behind the shock associated with Egs.
(1-4) satisfies the following shock conditions:

o=V =0, [ou(u—Vs)+p+h=0, [hu—Vs)’]=0
' (18a)

[ — Vs){p/y — D)+ h + pu?/2} +u(p + ] =0 (18b)

where V is the shock velocity and [p] = p, — p,. Here p, and
po are values of p evaluated just at the rear and just ahead of
the shock respectively. Since there is no absorption or emis-
sion within the shock discontinuity, we have Q, = Q,. The
shock conditions of Eq. (18) can be expressed in terms of the
shock strength [p] = & as follows:

pr=1+56, u =0Vg(1+6)71, hy=ho(1+68) (192)
Pr=po+oVi(14+8) ' —hyd(d +2) (19b)

where 6 and V, are related to each other by
V2 =2(1+8)1+b3{1+(2—05/3]{2~ @ — D5}~ (20)

If the shock is assumed to be a weak shock (6 < 1), to a first
approximation, Eq. (20) gives

Vs =co(1+T5/2) (21)

where T is the same as in Eq. (14). Subsequently Egs. (19)
yield to the first approximation that

pr=1+06, uy=ced, pi=06+(1/y), h=hy(1+20) (22a)

Decay of Half-N Wave (Sawtooth Profile)

At a large distance from the source, the velocity field of a
sufficiently weak shock may be assumed in the form of a
sawtooth profile, which is initially of length L, such that the
left end of the profile located at x, travels with speed ¢, of the
undisturbed fluid, and the shock on the right end at x,, moves
at the faster rate (see Fig. 1); the physical situation permits an
application of the weak shock relations of Egs. (21) and (22).

Now suppressing the subscript 1 notation, let us denote by
u and c the state at the rear side of the shock which at any
time ¢ is located at x,(f) =1 + ¢yt + L(?), where L(?) is the
length of the sawtooth profile at any time ¢ The shock
velocity Vs is given by

Ve =dxg/dt =co+dL/dt (22b)
Eqs. (21) and (22a) give

Ve=co+Tu/2 (23)
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a)

L, X—~

b) ]

Fig. 1 Forma‘tiony and decay of a sawtooth profile.

The physical situation envisaged here is as follows: let the
initial velocity profile u(x) be zero outside a certain interval of
length L, and u(x) > 0 in this interval (see Fig. la); then as
time goes on, the compressive part of the profile steepens into
a shock, which propagates with the velocity Vs into the
constant region u =0. Thus the asymptotic form of the
“velocity profile is in the shape of 'a sawtooth (also known as
half-N wave) as shown in Fig. 1b. The jump of gas velocity
across the shock, located at xg, is equal to u (i.e., the value at
the rear side of the shock) because the medium ahead of it is
at rest. Thus the j jump in the ve1001ty across the shock located
at xg gt any time ¢ is given by

y = oL(r) (24)
where « is the slope of the expansive part of the profile at time
t and is given by Eq. (17). Using Eq. (24) in Eq. (23) and
combining the resulting equation with Eq. (22), we find that

dL/dt =TaL/2 (25)
Evaluating Egs. (23) and (24) at time ¢ =0, we get
oo =2(Vg, — o)/ Lo’ (26)

where oy, L, and Vg, are the values of «, L, and Vj,
respectively, at ¢ = 0. Eqs. (25) and (17) yield

iy
L= Lo{l 4 Tt

L=L,<1+T com )™ ex A erfc AN
= | —— ey -
0 0 L p c(3) c(3)

(—e~NI% 4 1)}1/2 (for m=0) (27a)

o
=

X

1/2
erfc< >

Using Egs. (27) and (17) in Eq. (24), the velocity field 1n a
sawtooth profile will be given by

—Az r A 12
u = Lyo, exp< = ){1—{- ajtcolil— ( = )]}
0 . 0

(form =0) (28a)

Sul >

1/2
erfc(A—3> :
1—— 27 (for m =1) (27b)
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0

Fig. 2 Velocity decay in a sawtooth profile of cylindrical waves under

- the effect of radiation and magnetic field.

3.2
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1 1 C,=1.20,A;,=0.m=10
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04+

1
0 2 4 6 & 10
fo—
Fig. 3 Coupling effect of the radiation and the magnetic field on the
length of a sawtooth profile for cylindrical waves.

—Af
Lya, exp(—z)x —12
0 2
Ax\12 172
erfc|
1/2 A A\2 ( )
1+FaO<M) exp(C )erfc( > 1——6—0————

L 3 A 1/2
‘o erfc( —3>
Co

\

(for m=1) (28b)

The curves drawn in Fig. 2 show the decay behavior of an
N-wave with a sawtooth profile under the effect of a magnetic
field and its coupling with the radiation. The curve II shows
that the presence of a magnetic field enhances the decay of the -
sawtooth profile. The curve IIT shows that under the com-
bined effect of the magnetic and radiation fields, the decaying
is further hastened.

Figure 3 shows how the length of the sawtooth is affected
by introducing radiation and a magnetic field in the flowfield.

. The curve I shows that the magnetic field increases the length

of the sawtooth profile; whereas the radiation decreases the
length. This is contrary to their effects on the velocity profile
as is shown in Fig. 2. When their effects are counted together,
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I C,=10.A,=0,m=00
- I: G, =10 A =0,m=10
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t—

Fig. 4 Effect of radiation on the length L/L, of a sawtooth profile for
planar and cylindrical waves.

they adjust théir positive and negative effects in not decreas-
ing the length of the sawtooth profile. It is evident from
curves 1, II, and III that there is a competitive coupling effect
of the magnetic field and the radiating field in the sense that
one overcomes the effect of the other.

Figure 4 shows the effect of the wave geometry on the
length of the sawtooth profile and compares the degree of
influence of radiation in the case of planar and cylindrical
wave fronts. Comparison of curves I and II shows that the
sawtooth profile decays faster in the case of planar symmetry
than in the case of cylindrical symmetry. Comparison of
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either curves I and III or curves II and IV shows that the
radiation has a stabilizing effect on the sawtooth profile.

Acknowlédgments :

The authors are thankful to the Department of Science and
Technology, Government of India, and to the Department of
Mathematics, Ohio State University at Marion, for providing

financial and material support in conducting this research
work.

References

. Ishii, R., “Wave Fronts of Nonlinear Waves in a Vibrationally

Relaxing Gas,” The Physics of Fluids, Vol. 21, No. 8, 1978, pp.
1265-1274.

2ﬁunter, J. K., and Keller, J. B., “Weakly Nonlinear High Fre-
quency Waves,” Communications on Pure and Applied Mathematics,
Vol. 36, 1983, pp. 547--569.

3Choquet-Bruhat, V., “Ondes Asymptotique et Approchees Sys-
temes D’equations aux Derivees Partielles Nonlineaires,” Journal de
Mathematiques Pures et Appliquees, Vol. 48, April—June 1969, pp.
117-158.

“Germain, P., “Progressivé Waves,” Jber. DGLR, 1971, pp. 11-39,
(Koln 1972).

SFusco, D., and Engelbreckt, J., “The Asymptotic Analysis of
Nonlinear Waves in Rate-Dependent Media,” Il. Nuovo Cimento,
Vol. 80B, No. 1, 1984, pp. 49-61.

SFusco, D., “Some Comments On Wave Motions Described by
Non-homogeneous Quasilinear First Order Hyperbolic Systems,”
Meccanica, Vol. 17, No. 3, 1982, pp. 128-137.

7Sharma; V. D., Singh, L. P., and Ram, R., “The Progressive Wave
Approach Analyzing the Decay of @ Sawtooth Profile in Magnetogas-
dynamics,” The Physics of Fluids, Vol. 30, No. 5, 1987, pp. 1572—
1574.

8K orobeinikov; V. P., “Problems ini the theory of point explosion
in gases,” American Mathematical Society, Providence, RI., 1976.

9Pai, S. 1., Radiation Gasdynimics, Springer, New York, 1966.

%Vincenti, W. G., and Kruger, C. H., Introduction to Physical
Gasdynamics, R. E. Krieger Publishing Co., Huntington, New York,
1977.

Seymour, B. R., and Varley, E., “High Frequency, Periodic
Disturbances in Dissipative Systems, 1. Small Amplitude, Finite Rate
Theory,”’ Proceedings of the Royal Society of London, Vol. 314A,
No. 1518, Jan. 1970, pp. 387-415.

12Gharma, V. D., “The Development of Jump Discontinuities in
Radiative Magnetogasdynamics,” International Journal of Engineering
Science, Vol. 24, No. 5, 1986, pp. 813-818.

Notice to Subscribers

We apologize that this issue was mailed to you late. The AIAA Editorial Department has recently
experienced a series of unavoidable disruptions in staff operations. We will be able to make up some
of the lost time each month and should be back to our normal schedule, with larger issues, in just a
few months. In the meanwhile, we appteciate your patience.




